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Entrance. Spaces X and () are metric spaces and
C(X —Q) is the space of continuous functions X —{
equipped with the uniform norm ||-,-||. A subset E C
X is §-dense if every point of X is within distance 0
of E. Thus FE is dense if it is d-dense for all (positive
numbers) J. Recall that a metric space is separable if
it has a countable dense subset. (My later notes call this
property CSD, countably self—dense.)

1: Theorem. Suppose X and () are separable, with X
compact. Then C(X—Q) is separable. O

Proof. Let X' C X and €' C Q be countable dense
subsets of their respective spaces. Say that a triple
(£,9,¢) is acceptable if

i Both € and § are reciprocals of positive integers.

ii: There s a finite set ' C X’ which is -dense in X.
Moreover, ¢ is a map from F into €.

Say that an f € C(X—Q) is (g, 6, p)-good if

a: For all x € F":

|o(2), f(2)] <e.

b: For all z,y € X:

z,yl <6 = |f(2), f(y)] <e

Notice, for all f € C(X—1) and all ¢, that

There exist 6 and ¢ so that f is (g, 6, p)-
good.

For since X is compact, f is uniformly continuous and
so there is a sufficiently small § = (1/n) which ful-
fills (b). Again by compactness there is a finite subset
F C X' which is §-dense in X. Now define ¢: F—
by, for each x € F', simply picking a point in €', call
it ¢(x), which is within distance € of f(z).
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The distance estimate

Now suppose we have a second (ip,¢,d)-good func-
tion h. For each y € X there exists x € F' := Dom(yp)
such that |z,y| < 0. Thus the conclusion of (b) holds
for both f and h, to yield that

s ), fW)] < (R, + (b))

+ o), f(@)| + | f(2), f(y)]
4e .

N

Thus

17, f1]

< 4e.

The last step. There are but countably many ac-
ceptable triples 7 = (&,4,¢). For each such triple,
pick a function h, which is 7-good. Then this collec-
tion {h;}_is dense, courtesy of (2) and (%). ¢

Remark. The theorem certainly fails without
the hypothesis of compactness: Let X = N and
Q = {0,1}, both equipped with with the discrete
metric, |n,m| := 1 when n # m. Then the uni-
form norm is the discrete metric on the uncountable

space C(X—€) 22 (0,1}, O
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